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rosopi theory of the exiton ring fragmentation
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The desription is presented for the dependene of the indiret exiton ondensate density at the
ring as a funtion of the polar angle at zero temperature with the involvement of the proesses of
formation and reombination of the exitons. In partiular, starting from the quasi one-dimensional
Gross-Pitaevskii equation with a spatially uniform generating term, we derive an exat analytial
solution yielding the fragmentation of an exiton ring whih is probably observed in the experiments.
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1. Introdution. In the reent experiments of the
Butov's group [1, 2℄ the marosopially ordered oher-
ent state (MOCS) of the indiret exiton system has been
observed in the oupled quantum wells. The state repre-
sents a periodi fragmentation of the ring formed in the
intersetion domain of the surplus densities of eletrons
in one well and photoexited holes in another [3, 4, 5℄.
The fragmentation is observed below some ritial tem-
perature (Tc ∼ 1K) and within a ertain range of the
laser pumping power when the density n of indiret ex-
itons (IEs) at the ring is suiently large and the exi-
tons are well dened (n ∼ 109cm−2, an average spaing
between IEs at the ring is a¯ex−ex ∼ n−1/2 ∼ 0.1µm,
the IE Bohr radius is aB ∼ 10−2µm, a¯ex−ex/aB ∼ 10).
The typial parameters of the fragmented ring are as fol-
lows [2℄: average ring radius is R ∼ 102µm, the ring
width is ∆R ∼ 10µm, the average radius of a fragment
is rfr ≈ ∆R/2, and a number of fragments on the ring is
Nfr ≈ 50. The evidene for the MOCS oherene results
from a lear interferene pattern of the IE reombination
radiation from one of the ring fragments [6℄.
At present, there exist two dierent phenomenologial
theories of the MOCS formation. The rst theory [7℄ is
based on the assumption that the IE system represents
a degenerate two-dimensional quasi-ideal Bose gas and
the rate of aggregating an eletron and a hole to form
an indiret exiton is proportional to the fator (1 +N0),
where N0 is the number of the IEs in the zero momentum
state. Under denite onditions this leads to the instabil-
ity against utuations of the IE ring density. However,
the theory seems to be intrinsially inonsistent sine, on
the one hand, the dipole-dipole interation between the
exitons is negleted, what is allowable only in the low
density limit, and, on the other hand, the exiton on-
densate density should be suiently large so that the
ontribution from the stimulated proesses would be es-
sential.
The seond theory [8℄ is based on that the total on-
tribution of the repulsive dipole-dipole and attrative
van der Waals interations beomes attrative at the dis-
tanes smaller than several IE radii. Aording to this
∗
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theory, the ring fragmentation is due to formation of the
islands of eletron-hole liquid and is not assoiated with
the Bose-Einstein ondensation of the IEs. (We also men-
tion paper [9℄ in whih the IE energy distribution is sug-
gested to be the Boltzmann one and, along with an at-
trative pair potential, the repulsive three-body intera-
tion between IEs is onsidered. At the same time the na-
ture of the latter is not explained.) However, the results
of the experiment [10℄ unambiguously evidene for the re-
pulsive harater of the IE interation. This is onsistent
with the idea that just this interation results in a rapid
IE thermalization (along with the nononservation of a
transverse momentum) and in the sreening of the sur-
fae defets in the quantum wells plane. Note that any
extension beyond the dipole approximation while on-
sidering the interation between the IEs is equivalent to
the deviation from the Bose statistis, whih should self-
onsistently be taken into aount.
As is seen from the pitures of the spatial distribution
of the IE luminesene (see [1, 2℄), there exist two dier-
ent spatial periods on the fragmented ring, namely, the
size of a fragment and the size of a dark region separating
adjaent fragments. Therefore, it is lear that the den-
sity as a funtion of the polar angle should be expressed
via a periodi funtion with nonsymmetri half-periods,
i.e., an ellipti funtion. So, if ρ (φ) is an ellipti fun-
tion, it satises equation
(
ρ′φ
)2
= P4 (ρ), where P4 (ρ)
is a quarti polynomial in ρ. To the same form one an
redue the one-dimensional stationary Gross-Pitaevskii
equation without an external potential, whih, as is well
known, desribes a ondensate of Bose partiles. Hene,
the idea arises that the ring fragmentation an be ex-
plained assuming that under experimental onditions an
IE ondensate exists on the ring. In addition, the for-
mation and reombination of exitons on the ring an be
taken into aount by their interation with some salar
generating, or "soure-drain", eld independent of oor-
dinates. Formally, this is similar to the ontribution from
the dipole interation of atoms with the eletromagneti
eld. If the number of the IEs on the ring does not vary
in time, a onept of energy of the system is meaningful
and one an nd the stationary states of the ondensate
as well as the orresponding density spatial distributions.
In this Letter, we suggest the simplest mirosopi the-
2ory of the MOCS based on the thing that the presene of
BEC in the IE system (in spite of the BEC depletion due
to repulsive exiton-exiton interation) as well as the
inuene of the proesses of IE formation and reombi-
nation on the ring result in the realization of a stationary
exited state of the ondensate, whih is not spatially uni-
form. The indiret exitons are treated as genuine Bose
partiles. In addition, we suppose that the radial prole
of the ondensate density is governed by the proesses
whih have no diret relation to the ring fragmentation.
This allows us to onsider a quasi one-dimensional prob-
lem.
2. Polar angle dependene of the ondensate
density. The Hamiltonian for the exiton system with
the soure reads
Hˆ = HˆJ +
∫
d~rΨˆ+(~r, t)
pˆ2
2m
Ψˆ(~r, t)+ (1)
1
2
∫
d~rd~r′Ψˆ+(~r, t)Ψˆ+(~r′, t)U(~r − ~r′)Ψˆ(~r′, t)Ψˆ(~r, t).
Here Ψˆ(~r, t) is a Bose eld operator obeying the om-
mutation relations
[
Ψˆ(~r1, t), Ψˆ
+(~r2, t)
]
= δ (~r1 − ~r2),[
Ψˆ, Ψˆ
]
=
[
Ψˆ+, Ψˆ+
]
= 0. For simpliity, we suggest that
the repulsive pair interation is loal, i.e., U(~r) = λδ (~r)
and λ > 0. In fat, this means either the Born approx-
imation for the potential U(r) with λ =
∫
U(r)d~r, or
the gas approximation na22D ≪ 1, where n is the two-
dimensional IE density and a2D = mλ/(4π~
2) is an exat
s-sattering length [11℄. The ontribution of the soure
is given by
HˆJ =
∫
d~r
(
J (t) Ψˆ+(~r, t) + J∗ (t) Ψˆ(~r, t)
)
, (2)
where J (t) = |J | eiα(t). It is natural to assume that the
time dependene of the soure is the same as for the wave
funtion of the ground ondensate state in the lak of the
soure, α (t) = −µt. We suggest that the quantities |J |
and µ are time-independent.
Let us onsider the equation of motion for Ψˆ-operator,
i~ ∂Ψˆ(~r, t)/∂t =
[
Ψˆ(~r, t), Hˆ
]
, assuming zero temperature
of the system. Here, the most fration of exitons is in the
Bose-ondensate state and thus we neglet nononden-
sate partiles. Then Ψˆ-operator beomes the c-number
and obeys the equation
i~Ψ˙ = − ~
2
2m
∇2Ψ+ λ |Ψ|2Ψ+ J, (3)
whih for J = 0 turns into the Gross-Pitaevskii equa-
tion. Supposing that the radial prole of the onden-
sate density is unvaried, we onsider a quasi 1D prob-
lem. Then, the genuine density "in amplitude" refers to
the result obtained as ntrue/n ∼ a¯ex−ex/∆R ∼ 10−2.
For the polar frame with the origin at the ring enter
∇2 ≈ R−2 ∂2/∂φ2, d~r ≈ 2πR∆Rdφ = Sdφ, where φ is
the polar angle, R is the ring radius, and R 6= R (n). The
aim of the work is to nd a qualitative behavior n(φ) at
various magnitudes of the parameters.
If one measures energy in units ER = ~
2/(2mR2), time
in τR = ~/ER, and density in S
−1
, the onstants in
Eq.(3) are dimensionless
iΨ˙ = −Ψ′′φφ + λ |Ψ|2Ψ+ J. (4)
Let us seek for the solution (4) as Ψ = ρeif , where ρ2 ≈
n and f are the density and phase of the ondensate,
respetively. Then, for the real and imaginary parts of Ψ
the following equations are valid
ρf˙ + ρ
(
f ′φ
)2 − ρ′′φφ + λρ3 + |J | cos (α− f) = 0, (5)
ρ˙+ 2ρ′φf
′
φ + ρf
′′
φφ − |J | sin (α− f) = 0. (6)
Multiplying both sides of Eq.(6) by 2ρ and integrating
over φ, we obtain that the rate of variation of the partile
number N equals
N˙ =
∫
d~r2ρρ˙ =
∫
d~r2ρ |J | sin (α− f) . (7)
In what follows, we are interested in the stationary ur-
rentless states alone: N˙ = 0, f ′φ = 0. Then f = α+ πl, l
is an integer. So,
ρ′′φφ + µρ− λρ3 − |J | (−1)l = 0, (8)
in whih α (t) = −µt is taken into aount. In the ase of
the homogeneous density (ρ′φ ≡ 0, ρ = ρ0) and |J | = 0,
µ has a meaning of the hemial potential of the system:
µ = λρ20. (9)
Note that for |J | = 0 even in the unhomogeneous ase the
quantity µ an literally be treated as a hemial potential
for the ground state of the system. In this ase it an be
introdued via Ψ(t) ∼ exp (−iµt).
For J 6= 0 the uniform density is determined from the
equation
µρ0 − λρ30 − |J | (−1)l = 0. (10)
Employing the Cardano formulae, one an nd from
the analysis that there exist three regions in whih:
(i) homogeneous solution is absent (even l, µ < µ∗ ≡
3λ (|J | /(2λ))2/3), (ii) homegeneous solution is unique
(even l, µ = µ∗, and odd l at µ 6 µ∗), and (iii) there
exist 1 or 2 various homogeneous solutions (arbitrary l,
µ > µ∗).
For the unhomogeneous ase ρ′φ 6= 0, the rst integral
of Eq.(8) is given by(
ρ′φ
)2
=
1
2
λρ4 − µρ2 + 2 |J | (−1)l ρ+ C. (11)
Here C is a onstant independent of φ. Substituting ρ =
ρ0 · x and integrating, we have∫
dx√
x4 − 2µλx2 + 2Jλx+ Cλ
= ±
√
1
2
λρ20 (φ− φ0) ≡ φ˜,
(12)
3where µλ =
µ
λρ2
0
, Jλ =
|J|(−1)l
1
2
λρ3
0
, Cλ =
C
1
2
λρ4
0
. Let
x1, x2, x3, and x4 be the roots of equation x
4 − 2µλx2 +
2Jλx+ Cλ = 0. From (12) it follows
F
(√
x1 − x3
√
x2 − x√
x1 − x2
√
x3 − x , k
)
= −aφ˜,
where a = 12
√
x4 − x2
√
x1 − x3, k =
√
x1−x2
√
x4−x3√
x4−x2
√
x1−x3 .
Here F (x, k) is the Jaobi ellipti integral of the rst
kind with modulus k. Solving the latter equation in x,
we arrive at
x =
x2 (x3 − x1) + x3 (x1 − x2) sn2
(
aφ˜, k
)
x3 − x1 + (x1 − x2) sn2
(
aφ˜, k
) , (13)
where sn(x, k) is the Jaobi ellipti sine with modu-
lus k. (Note that the quantities x1, x2, x3, x4 should
be hosen so that x > 0, a2 > 0 and 0 6 k2 6= 1.
Otherwise, this unhomogeneous solution does not exist.)
For k −→ 1, the period of sn2(x, k) tends to innity
and the density is independent of the polar angle. For
k −→ 0, sn2(x, k) −→ sin2(x). The position of the ex-
trema of funtion x (φ) is determined by the quantity
ξ = (x1 − x2) (x2 − x3) (x1 − x3). If ξ = 0, x′φ ≡ 0. For
ξ > 0, the points of minima φ˜minl =
K(k)
a 2l, x
(
φ˜minl
)
=
x2 and maxima φ˜
max
l =
K(k)
a (2l+ 1), x
(
φ˜maxl
)
= x1, l
being an integer. For ξ < 0, in these formulae one should
replae φ˜minl ⇄ φ˜
max
l .
It is seen that, in the general ase, the ondensate den-
sity n(φ) = ρ20x
2 (φ) is a periodi funtion (see Fig. 1).
The solution obtained allows us to nd the period of den-
sity osillations or, this is the same, the angular size of a
fragment
∆φfr =
2K (k)
a
√
1
2λρ
2
0
, (14)
whereK (k) is the omplete ellipti integral. The number
of fragments at the irumferene of the ring Nfr =
2pi
∆φfr
should be a positive integer. One an, in priniple, nd
the onstant C = C (R) from this ondition.
Note that the spatially unhomogeneous solutions are
also possible in the lak of the soure (|J | = 0). Then
n(φ) = (ρ0x1)
2
sn2
(√
1
2
λρ20 (φ− φ0)x2, k0
)
, (15)
where k0 =
x1
x2
, x21,2 = µλ ±
√
µ2λ − Cλ.
3. Conlusions and disussion. To onlude, we
have obtained a set of solutions. All of them, both ho-
mogeneous and unhomogeneous, orrespond to the mini-
mum of the energy's funtional of the system, i.e., to the
stationary solutions (see Appendix). This simple theory
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Figure 1: The examples of the behavior of the ondensate
density n versus polar angle φ for x1 = 1.2, x2 = 0.8, x3 = 0.4,
x4 = 1.21 (solid line) and for x1 = 1.2, x2 = 0.75, x3 = 0.6,
x4 = 2.1 (dashed line).
annot uniquely predit what a solution from the set will
be realized in fat. However, it is lear that the spatially
homogeneous solution (if it exists at J 6= 0) refers to the
absolute minimum of energy and unhomogeneous ones
orrespond to the steady exited states of the onden-
sate.
In experiments [1, 2℄ the IE formation-reombination
proesses lead to the ondensate density utuations in
the radial diretion. As is shown in Ref. [12℄, at zero
temperature in the igar-shaped ondensate due to the
parametri resonane there takes plae one-way transfer
of energy from the transverse (radial) modes to the lon-
gitudinal ones. Closing this "igar" in a ring, we ome
to the point that the spatially non-uniform distribution
of the ondensate density is nothing else than a standing
wave orresponding to the marosopially lling of the
longitudinal modes. The onsideration of the standing
wave as a steady exited state of the ondensate agrees
with the experimental fat that the existing fragmenta-
tion starts to vanish with dereasing the pumping power
but for all that the ring radius would vary negligibly.
Note that the fragmentation of the exiton ring an
be explained in another way, assuming that the IEs are
in the ondensate state. Sine the "ground" state of the
exiton system is degenerate over the IE spin ongu-
rations, it represents a mixture of the ondensates with
dierent oupling onstants λij > 0 for the mixture om-
ponents (here i, j are the indexes of the mixture ompo-
nents). As is known [13, 14℄, if for i 6= j the ondition
λ2ij > λiiλjj is fullled, the mixture omponents sepa-
rate from eah other in spae. (On the observation of
this eet in atomi ondensates see, e.g., Ref. [15℄.) It
is possible that suh a separation for the ring geometry
is observed in the experiments.
4Reently, the observations similar to MOCS ones have
been reported in Ref. [16℄. The mirosopi derivation
(starting with the eletron-hole Hamiltonian) of Eq. (3)
with J = 0 is the same as in Ref. [17℄.
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Appendix. The total average energy of the system
has form
E[ρ] =
1
2π
2pi∫
0
dφ
((
ρ′φ
)2 − µρ2 + 1
2
λρ4 + 2 |J | (−1)l ρ
)
.
(16)
The minimum of the funtional E[ρ] is determined by
Eq.(8) and equals
Emin[ρ] =
1
2π
2pi∫
0
dφ
(
2
(
ρ′φ
)2 − C) , (17)
where C is the onstant from Eq.(11). In the ase of
the homogeneous density, involving Eq.(10), we arrive at
Emin[ρ0] = µρ
2
0 − 32λρ40 ≡ −C0. This orresponds to the
absolute energy minimum provided that
1
2π
2pi∫
0
dφ
(
ρ′φ
)2
>
1
2
(C − C0) . (18)
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